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Hierarchical Tangential Vector
Finite Elements for Tetrahedra

Lars S. AndersenStudent Member, IEEEand John L. VolakisFellow, IEEE

Abstract—Tangential vector finite elements (TVFE’s) overcome
most of the shortcomings of node-based finite elements for elec-
tromagnetic simulations. Hierarchical TVFE's are of considerable
practical interest since they allow use of effective selective field
expansions where different order TVFE’'s are combined within
a computational domain. For a tetrahedral element, this letter
proposes a set of hierarchical mixed-order TVFE’'s up to and
including order 2.5 that differ from previously presented TVFE's.
The hierarchical mixed-order TVFE’s are constructed as the
three-dimensional equivalent of hierarchical mixed-order TVFE's
for a triangular element. They can be formulated for higher

orders than 2.5, and the generalization to curved tetrahedral . I ) ¢ hedral el d th beri f nod q
elements iS straightforward. Flg. 1. lllustration of tetrahedral element and the num ering or nodes an

edges.
Index Terms—Finite-element method, hierarchical basis func-
tions sets, higher order basis functions.

Webb and Forghani [6], Savage and Peterson [7], and Graglia
|. INTRODUCTION et al. [8]. Only the TVFE presented by Webb and Forghani

ANGENTIAL vector finite elements (TVFE's) based oncompares to the Whitney TVFE in a hierarchical fashion.

expanding a vector field in terms of values associat nhler_archlcgl mixed-order TVFE_S providing a quadratic
with element edges have been shown to be free of t gential/cubic normal (QT/CuN) field along element edges

shortcomings of node-based finite elements [1]. TVFE’s a?@d a cubic field at element faces and inside the element
therefore of considerable practical interesédslec pointed (Complete to order 2.5) were presented by Savage and Peterson

out [2], [3] that it may not necessarily be advantageoig] (a correction to this TVFE was recently given by Peterson

. ) : ]) and Gragliaet al. [8].

to employ polynomial-complete TVFE’s when applying th . . ; ,
finite-element method (FEM). This leads to the introduction " 1€rarchical mixed-order TVFE's for a tetrahedral element
of attractive mixed-order TVFE’s. A set of TVFE's is referrecﬁa\/e only been propo;ed up to gnd mc_ludmg order 1.5
to as hierarchical if the vector basis functions forming th 61, a_nd these_ were written up by mspec_:tlon. The purpose
nth-order TVFE are a subset of the vector basis functio% this Iette7r Is to propose a set of hierarchical mixed-
forming the(n 4+ 1)th-order TVFE, and this desirable propert)?rder.f.-er'l:E i_for ah_tet:ah(_adrg! e(ljemeTrl;FbE?yond order 1t5d
allows for effective selective field expansions combining dh@pem ically, hierarchical mixed-order “=S are presente
ferent order TVFE’s in different regions of the computationaLIlpdt0 anddlnf;:lud:(ng or?]er 2.5 where thg Lnlxed[)cl))rderdTVFEhof .
domgin. Fpr a large class of electromagnetic prqblems, hi ] e\ere' 5 delrisres trhoemr:ieer;rr(]:ﬁiggelsrenriiz d-o);c}/gre Tva;E,;:Of;gmam
3:5::23;;?;2)(?0“& TVFE's are therefore attractive for FE existing nonhierarchicgl r_nixe(_j-order_TVFE_’s for a tetrahedral

For a tetrahedral element. the lowest order TVEE Weéement [7], [9] and existing hierarchical mixed-order TVFE’s

' Tor a triangular element [10], [11] in a systematic fashion that

originally introduced by Whitney [4]. It provides a constan . . . )
S , akes the proposed set of hierarchical mixed-order TVFE's
tangentialflinear normal (CT/LN) field along element edg a tetrahedral element the direct three-dimensional (3-D)

. . . . I
?cnodmiléltr:ae?(; f(l)?:jderatoesl)e mni?;e;a}gfje?rjl?véné’lsep:g\?i d(iarLzm e%qtuivalent of the set of hierarchical mixed-order TVFE's

linear tangential/quadratic normal (LT/QN) field along eleme r a triangular element [10], [11]. Hierarchical mixed-order

edges and a quadratic field at element faces and inside the Ie—FE’S for higher orders than 2.5 can be derived by modifying

e TVFE's proposed by Graglet al. [8], and their extension
ment (complete to order 1.5) were presented by étal. [5], to curved tetrahedral elements is straightforward via a simple

mapping; see, for instance, [8].
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by V. Simplex (or volume) coordinate§, ¢», {3, and {4, at the 24 face-based vector basis functions
a point P are defined in the usual manner, ¥iz.= V,,/V

where V,, denotes the volume of the tetrahedron formed by (26 — )GV = G VG) o

P and the nodes of the triangular face opposite to nede G226 —1D)(GVEG - GYaG) [ i<j<k (1)
Below, vector basis functions will be formulated in terms of

these coordinates. Vector basis functions associated with an V(CCiGh), i<j<k (8)

edge or a face of the tetrahedron will be referred to as edge-
or face-based vector basis functions, respectively. All other
vector basis functions will be referred to as cell-based vector RGVG=GVG),  i#j#k#d 9)
basis functions.
A mixed-order TVFE of order 0.5 providing CT/LN varia-and the three cell-based vector basis functions
tion along element edges and linear variation at element faces
and inside the element is characterized by six linearly inde- C2la(C1VE — CVE)
pendent vector basis functions. Whitney initially presented six
such vector basis functions [4]. The 3-D equivalent of the two- GGV = G6VaQ) (10)
dimensional (2-D) CT/LN vector basis functions presented in (3Ca(Q1V G = 2V Q).
[10], [11] is identical to the vector basis functions presented
by Whitney [4]. The six edge-based vector basis function’ arEhe 45 linearly independent vector basis functions (5)—(10)
do not compare to the Whitney vector basis functions (1) in a
GV —GVG, 1< 7. (1) hierarchical fashion. We propose to replace the 18 edge-based
basis functions (5)—(6) by
A mixed-order TVFE of order 1.5 providing LT/QN vari-

ation along element edges and quadratic variation at element GVC — GV
faces and inside the element is characterized by 20 linearly (G - C*)(C‘ZVC*J— C*JVCS i< j (11)
independent vector basis functions. Savage and Peterson [7] (C‘Z_ C;Q(CZ‘VCJ' _ CJ'VC%) ’

) J ) J J )

proposed the 12 edge-based vector basis functions

GV i #j @ Further, we propose to replace the eight face-based vector basis
o functions (7) by

and the eight face-based vector basis functions
(G V¢ = GVG) } o
G(GVG = GVG) }7 i<i<k. @) GGV - GVG) [ i <j<k. (12)

GG VG = GVG)
The 20 linearly independent vector basis functions (2), (3) ohe 45 Imearly independent vector basis functions (8) (12)
. : . 2 form a mixed-order TVFE of order 2.5 that compares hier-
not compare to the Whitney vector basis functions (1) in & _, . . .
) ; : archically to the proposed mixed-order TVFE's of order 0.5
hierarchical fashion. We propose to replace the 12 edge-base

basis functions (2) by and 1.5.

The vector basis functions (1), (3)—(4), and (8)—(12) form
GV = GV a set of hierarchical mixed-order TVFE's of orders 0.5, 1.5,
(G - C')(C‘zVC']— C']VCS }, < J (4) and 2.5, respectively. Such a set offers several advantages
) g ) J g )

over nonhierarchical mixed-order TVFE's, especially for FEM

The 20 linearly independent vector basis functions (3)_(§?Iution of electromagnetic problems where the field varies
form a mixed-order TVFE of order 1.5 that compares hieponuniformly over the computational domain. In such cases,
archically to the proposed mixed-order TVFE of order 0.5, & lower order TVFE can be employed in regions where the

A mixed-order TVFE of order 2.5 providing QT/CuNf'EId varies smoothly whereas a higher order TVFE can be
variation along element edges and cubic variation at elem&fgPloyed in regions where the field varies rapidly thus leading
faces and inside the element is characterized by 45 IineaVR/a” effective discretization of the unknown electromagnetic

independent vector basis functions. Savage and Petefgpn field.
[9] proposed the 18 edge-based vector basis functions

I1l. CONCLUSION

G2 = VG, ' %J ) ®) For a tetrahedral element, we proposed a set of hierarchical

GG(VG =VG), i<y (6) ' mixed-order TVFE's up to and including order 2.5. These

1The vector basis functions presented in this letter are not normalizédiffer from previously presented TVFE's and were constructed

Furthermore, the indexes j, and k in (1)=(12) are implicitly assumed to gs the 3-D equivalent of hierarchical mixed-order TVFE's for
belong to the se{l,2.3, 4. e a triangular element. TVFE’s for higher orders than 2.5 can
A correction of the QT/CuN vector basis functions initially proposed b formulated in a similar manner and the generalization to

Savage and Peterson [7] was given by Peterson [9]. This corrected set is ¢ .
one presented here. curved tetrahedral elements is straightforward.
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